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Abstract 
A directed coveting design, DC(v,k,2), is a (v,k,22) coveting design in which the blocks 
are regarded as ordered k-tuples and in which each ordered pair of elements occurs in at least 
2 blocks. Let DE(v,k, 2) denote the minimum number of blocks in a DC(v,k, 2). In this paper 
the values of the function DE(v, 5, 2) are determined for all positive integers v>~5 and 2 even. 
© 1998 Elsevier Science B.V. All tights reserved 
I. Introduction 
A transitively ordered k-tuple (al . . . . .  ak) is defined to be the set {(ai, a9)l 1 ~<i~< 
j<~k}. Let v,k and 2 be positive integers. A directed coveting (packing) design, 
denoted by DC(v,k,2), (DP(v, k, 2)), is a pair (X,A) where X is a set of v points and A 
is a collection of transitively ordered k-tuples of X, called blocks, such that every or- 
dered pair of X occurs in at least (at most) 2 blocks. Let DE(v, k, 2) (DD(v, k, 2)) denote 
the minimum (maximum) number of blocks in a DC(v,k,2) (DP(v,k,2)). 
A DC(v,k,2) with IAI =DE(v,k,2) is called a minimum directed coveting design, 
and a DP(v, k, 2) with IAI = DD(v, k, 2) is called a maximum directed packing design. 
If we ignore the order of the blocks, a DC(v,k,2) (DP(v,k,2)) is a standard (v,k,22) 
coveting (packing) design. Therefore, the following bounds, known as the Schonheim 
bounds, hold [19]: 
v -1  2 
where Ix] is the smallest and [x] is the largest integers atisfying [x]<~x<~ Fxl. The 
above bound has been sharpened by Hanani [15] in certain cases. 
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Theorem 1.1. (i) I f22(v - 1) ~- 0 (modk - l) and 22v(v - 1)/(k - 1) ~ -1 (modk) 
then DE(v,k,2)>>.DL(v,k,2)+ 1. (ii) I f22(v -  1)~ 0 (modk-  1) and 22v(v-  1)/ 
(k - 1) --- 1 (modk) then DD(v,k,2)<...DU(v,k,2) - 1. 
When DE(v,k, 2 )= DL(v,k,2) the directed covering design is called minimal. Simi- 
larly when DD(v,k, 2 )= DU(v,k,2) the directed packing design is called optimal. 
A directed balanced incomplete block design, DB[v, k, 2], is a DC(v, k, 2) where every 
ordered pair of points appears in exactly 2 blocks. If a DB[v, k, 2] exists then it is clear 
that DE(v,k, 2) = 22v(v- 1) /k(k-  1) = DL(v,k, 2) = DD(v,k, 2). In the case k = 5, Street 
and Wilson [23] have shown the following: 
Theorem 1.2. Let 2 and v >~ 5 be positive integers. Necessary and sufficient conditions 
for the existence of  a DB[v, 5, 2] are that (v, 2)¢; (15, 1) and that 2(v-1)  = 0 (rood 2) 
and 2v(v - 1 ) = 0 (mod 10). 
In [20-22], Skillicorn discussed the function DE(v,4, l) and DD(v,4, 1) and devel- 
oped many other results including applications of directed esigns to computer network 
and data flow machine architecture. Recently, Assaf et al. [8] have determined the val- 
ues of DE(v,4,2) and DD(v,4,2) for all positive integers v and 2. It is our purpose 
here to discuss the function DE(v, 5,)~) and show the following. 
Theorem 1.3. Let v>~5 and 2 be an even integer. Then DE(v, 5, A)=DL(v, 5 ,2 )+ e 
where e= 1 if  2v(v - 1)/2 = -1 (mod5); and e:0  otherwise. 
2. Recursive constructions 
To describe our recursive constructions we need the notions of transversal designs, 
group divisible designs and covering (packing) designs with a hole of size h. For the 
definition of these designs see [5]. A(v,k,2) covering design with a hole of size h is 
said to be minimal if the total number of blocks /3 satisfies I~1--4)(v,k,~.)- (~(h,k,,~) 
where qS(n,k, 2)= [ (n /k) [ (n-  1) / (k -  1)2]~. We shall adopt the following notations: 
a T[k, 2, m] stands for a transversal design with block size k, index 2 and group size m. 
A(K, 2)-GDD stands for a group divisible design with block sizes from K and index 2. 
When K = {k} we simply write k for K. The group type of a (K, 2)-GDD is a listing of 
the group sizes using exponential notations, i.e. 1~2t'3c... denotes a groups of size 1, b 
groups of size 2, etc. 
The excess (complement) graph of a (v,k, 2) covering (packing) design is the graph 
on v vertices uch that (a, b) is an edge with multiplicity /~ if (a, b) appears in 2 + #, 
((2 -/~)), blocks. 
We like to remark that the notions of transversal designs, group divisible designs, 
covering (packing) designs with a hole of size h can be easily extended to the directed 
case. In the sequel we write DT, DGD with the appropriate parameters. 
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The following theorem will be used extensively in this paper. The proof of this result 
may be found in [1-3,9-11, 13,15, 18,24]. 
Theorem 2.1. There exists a T[6, 1,m]for all positive integers m, m q~ {2,3,4,6} with 
the possible exception of m E {10, 14, 18,22}. 
If from a T[6, 1,m] we delete all but u points from last group and from all blocks 
which contain them, the resultant design is a ({5, 6}, 1 )-GDD of type mSu 1 .
Theorem 2.2. Let )o be an even integer. I f  there exists (1) a ({5,6}, 1 )-GDD of type 
rnSu I (2) a minimal DC(m+h,5,)~) with a hole of size h (3) DE(u+h,5,2)=DL(u+h, 
5,)~) + e, u + h>4 where e is as described in Theorem 1.3. Then, DE(5m + u + h, 
5,2)= DL(5m + u + h, 5,2) + e. 
Proof. Take a ({5,6}, 1)-GDD of type mSu I and replace the blocks of this design 
by the blocks of DB[v, 5,2] where v=5,6.  Add a set H of h points to every 
group of the design and on each group of size m together with the h points con- 
struct a DC(m + h, 5, 2) with a hole of size h based on H. Finally, take these h points 
with the last group and construct a DC(u + h,5,)0 with DE(u + h,5,2) blocks. Then 
it is easy to show that DE(5m+u+h,  5 ,2 )=DL(5m+u+h,  5,)~)+e. [] 
Another notion that is used in this paper is the notion of modified group divisi- 
ble designs. Let k, 2, v and m be positive integers. A modified group divisible design 
MGD[k, 2,m,v] is a quadruple (V, fl,7,6) where V is a set of points with [Vi=v, 
7 = {Gi, G2 .. . . .  Gn} is a partition of V into n sets, called groups, ~ = {R1,R2 . . . . .  Rm} 
is a partition of V into m sets, called rows, and fl is a family of k-subsets of V, called 
blocks, with the following properties. 
(1) IB M Gi[ <~ I for all B E fl and Gi E 7. 
(2) [BNRi[<~I for all BEf l  and RiE6. 
(3) IGi]=m for all GiE7. 
(4) Every 2-subset {x, y} of V such that x and y are neither in the same group nor 
same row is contained in exactly 2 blocks. 
(5) [GiNRj]= 1 for all GiE7 and RjE6.  
A resolvable MGD (RMGD) is one the blocks of which can be partitioned into parallel 
classes. It is clear that a RMGD[5, 1,5, 5m] is the same as RT[5, 1, m] with one parallel 
class of blocks singled out, and since RT[5, 1,m] is equivalent to T[6, l,m] we have 
the following existence theorem. 
Theorem 2.3. There exists a RMGD[5, 1,5, 5m] Jbr all positive integers m ~ {2, 3, 4, 6} 
with the possible exception of m E {10, 14, 18,22}. 
The proof of the next theorem is the same as the proof of Theorem 2.3 of [4]. 
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Theorem 2.4. I f  there exists a RMGD[5, 1,5,5m] and a (5,2)-DGDD of  type 4ms I
and there exists a minimal DC(20 + h, 5, 2) with a hole o f  size h then there exists a 
DC(20m + 4u + h + s, 5, 2) with a hole o f  size 4u + h + s. 
The application of the previous theorem requires the existence of a (5, 1)-DGDD of 
type 4ms 1. We shall use the following theorem. 
Theorem 2.5. (i) There exists a (5, 1)-DGDD of  type 4ms 1 where s=0 / fm - 
1 (mod 5), s=4 i fm - 0 or 4(rood5) ands=4(m - 1)/3 lfrn - 1 (rood3) [4]. 
(ii) There exists a (5,1)-DGDD of  type 4m81 where m - 0 or 2(mod5), m>~7 
with the possible exception o f  m = 10 [14]. 
Finally, we refer the reader to [5,6] for the definition of complement and excess 
graphs of a (v,k, 2) packing and covering designs. In a similar way one can de- 
fine the directed complement and excess graphs of a DP(v,k, 2) and DC(v,k, 2) [7]. 
The directed graph is called symmetric if the number of edges entering a vertex is 
equal to the number of edges exiting the vertex. 
Finally, we like to mention that for large v instead of constructing a DC(v, 5,2) 
we will construct a DC(v, 5,2) with a hole of size h, h>5 and then on the hole we 
construct a DC(h, 5, 2). 
3. Directed covering with index 2 
Before giving an induction proof of Theorem 1.3 we need the following construction 
of covering designs with small values of v. 
Lemma 3.1. (i) DE(v,5,2 )= DL(v,5,2 ) for  v=7,8,9,  12 and the excess graphs in the 
cases v = 7, 9, 12 are symmetric:. (ii) There exists a minimal DC(22, 5, 2) and minimal 
DC(23,5,2) with a hole o f  size 2 and 3, respectively. 
Proof. For v = 7 let X = Z6 U {a} then take the following blocks: 
(0 2 a 1 4)(mod6) (2 3 1 5 0) (4 5 3 1 2) 
(0 1 5 3 4). 
For v = 8 let X = Z7 U {a} and take the following blocks: 
(0 3 a 4 2)(mod7) (2 5 0 4 1) (6 1 4 5 2) 
(0 3 2 5 6) (4 1 6 3 0) (5 2 3 1 4). 
For v= 9 let X =Z6 U {a,b,c}. Let ~ and/3 be the permutations ~ = (0 1 2) (3 4 5) 
and fl = (0 1 2) (3 4 5) (a b c). Then take the following 3 blocks under powers of 
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and the last two blocks under powers of fl: 
(a 0 5 1 3 ) (b  3 4 1 0 ) (c  0 4 2 3) 
(0 1 a b c) (4 3 a c b). 
For v= 12 l e tX=ZgU{a,b ,c} .  Let ~ and fl be the permutations ~=(0 l 2) (3 4 5) 
(6 7 8) and f l=(0 5 6) (1 4 7) (2 3 8). Then take the first five blocks under powers 
of ct and the sixth block under powers of fl: 
(4 0 8 a b) (b a 8 4 0) (0 5 7 b c) 
(c b 7 5 0) (0 3 6 a c) (c a l 0 2). 
Furthermore, take the following blocks 
(0 1 5 8 2) (3 l 5 7 4) (6 7 8 3 0) 
(21630)  (42385) (87461)  
(2 0 4 7 l ) (5  0 3 6 4 ) (8  6 7 5 2). 
(ii) For a DC(22,5,2) with a hole of size 2 take a DB[21,5, l] and a DP(23,5, l) 
with a hole of size 3 say {21,22,23} [9] and then change the point 23 to 22. 
For a DC(23,5,2) with a hole of size 3 take a DB[21,5, l] and a DB[25,5, 1] and 
assume that this design contains two blocks consists of the points {2 l, 22, 23, 24, 25}. 
Delete these two blocks and in all other blocks change 25 to 23 and 24 to 22. [] 
Lemma 3.2. Let v = 3 (mod 20) v >~23 be an integer. Then, DE(v, 5, 2) = DL(v, 5, 2). 
Proof. For all v -  3 (mod20), v>~23, the construction is as follows: 
(1) Take a DB[v - 2, 5,1] [23]. 
(2) Take a B[v + 2,5,1] in decreasing order and assume no triple of the quadruple 
{v-1,  v, v+ 1, v+2} appears in one block. Further assume we have the two blocks 
(v+l  v -  1 3 2 1) (v+2 v 6 5 4). Replace these two blocks by the blocks of 
(v -  1 3 2 1 v) (v 6 5 4 v -  1). In all other blocks change v+2 to v and v+l  
to v -1 .  
(3) Again take a B[v+2, 5, 1] in increasing order and assume no triple of the quadruple 
{v -  1 v v+ 1 v+2} appears in one block. Further, assume we have the two 
blocks (4 5 6 v -  1 v + l) (1 2 3 v v + 2). Replace these two blocks by the blocks 
(v 4 5 6 v -  l) (v -1  l 2 3 v). In all other blocks change v+2 to v and v+l  
to v -1 .  [] 
Lemma 3.3. Let v=-4(mod20), v~>24, be an integer. Then, DE(v, 5 ,2)= 
DL(v, 5,2), and the excess 9raph is symmetric. 
Proof. For all such v, v #44,64, 84 the construction is as follows: 
(1) Take a (v -  1,5,2) minimal covering design v # 43,63, 83 in increasing order [16]. 
This design has a pair, say, {v-2,  v -  1 } which appears in six blocks. Furthermore, 
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assume in this design we have the two blocks (a b c v -2  v -  1) (d e f v -2  v -  1). 
In these two blocks change v -  1 to v. 
(2) Take two copies of  B[v + 1,5, 1] in decreasing order. Place the point v + l at the 
end of each block. Assume we have the two blocks (v c b a v+ 1) (v f e d v+ 1). 
In these two blocks change v + 1 to v - 1 and in all other blocks change v + 1 
to v. 
It is clear that the above method produces a minimal DC(v,5,2) for v - 4(mod20)  
v # 44, 64, 84 but the excess graph is not symmetric. To make the excess graph sym- 
metric replace the blocks (a b c v - 2v) (v c b a v - l) by the blocks (v a b c v -  2) 
(c b a v - 1 v). Furthermore, take one of the blocks containing (v - 2, v - 1), say, 
(x y z v - 2 v - l ) and replace it by (x y z v - l v - 2). Now, it is easily checked that 
the excess graph is symmetric. 
For v = 44, 64, 84 apply Theorem 2.2 with (m, u, h) -- (7, 7, 2), ( 11,9, 0) and ( 15, 9, 0), 
respectively, and see [9] for the existence of a DC(9,5,2) with a hole of size 2. 
Lemma 3.4. Let v - 2 (mod20) v~>22 be an inteyer. Then, DE(v, 5,2) - -DL(v,  5,2) 
and the excess 9raph is symmetric. 
Proof. For all such v, v # 42, 62, 82 the construction is as follows: 
(1) Take a (v + 1,5,2) minimal covering design in increasing order v#43,63 ,83  
[16]. This design has a pair, say, (v -  2 ,v -  1) that appears in six blocks. Place the 
point v + 1 at the beginning of  each block. Furthermore, assume in this design we have 
the following two blocks (v + 1 1 2 3 v) (v + 1 4 5 6 v). In these two blocks change 
v + 1 to v -  1 and in all other blocks change v + 1 to v. Now, take three blocks through 
(v - 2, v - 1 ) and in these blocks write v - 1 in front of v - 2. 
(2) Take two copies of  B [v -  1, 5, 1] in decreasing order. Assume we have the two 
blocks (v -  1 v -  2 3 2 1) (v -  1 v -  2 6 5 4). In these two blocks change v -  1 to v. 
It is easily checked that the above two steps yield the blocks of  a minimal DC(v, 5, 2) 
for v -2 (mod20)  v # 42, 64, 82. But the excess graph is not symmetric. To make it 
symmetric replace the two blocks (v -  I 1 2 3 v) (v v -2  3 2 1) by the blocks 
(vv -1  123)  (v -2321 v). 
For v =42,62,82 apply Theorem 2.2 with (m,u ,h )=(7 ,5 ,2 ) ,  (11,7,0) and (15,7,0), 
respectively, and see [9] for a DC(9,5,2) with a hole of  size 2. 
Lemma 3.5. Let v -- 9, 13 or 17 (mod20) be a positive inteyer. Then, DE(v, 5 ,2 )= 
DL(v, 5,2). Furthermore, the excess graph is symmetric for  v -  9 or 17 (mod20). 
Proof. For v=9,13  or 17 (mod20) v~>37, v#49 there exists a PBD({5,k*}, I ,v)  
where k=9 i fv  = 9 or 17 (mod20) and k=13 if v = 13 (mod 20) [14] where • 
means that the block of size k is unique. By taking two copies of  PBD({5,k*}, 1, v) in 
increasing order and two copies in decreasing order we obtain a DPBD({5,k*}, 1,v). 
Hence, to complete the proof of  our lemma we need to construct a minimal DC(v, 5,2) 
for v=9,13,17,29,33 and 49. 
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For v = 29 let X = Z22 U H7. Then take the following base blocks 
(mod22){0 1 h, 2 4} (0 3 h2 7 12} (0 5 h3 11 17} (0 7 h 4 16 15) 
(0 14 hs 10 8) {0 18 h6 15 13) (0 21 h7 13 10}. 
For v=33 we take 4 copies of B[25,4,1] as presented by Hanani [15, p. 293]: 
two copies in one order and the other two in opposite order. Close observation of the 
B[25,4, 1] shows that its blocks can be partioned into two parallel classes such that 
each parallel class contains each point four times. Hence, for each such parallel class 
we adjoin a point hi, i=  1 . . . . .  8 and place it in the middle of each block. Then the 
result is a (33,5,2) directed covering design with a hole of size 8. 
Now, v=49 is done the same as v=33 by taking 4 copies of a B[37,4, 1]; two in 
some order and the other two in opposite order. See [15, p. 293]. 
Lemma 3.6. Let v - 7(mod 20) be a positive integer, Then DE(v, 5,2)=DL(v, 5,2) 
and the excess 9raph is symmetric. 
Proof. For v = 7 see Lemma 3.1. 
For v = 27 the construction is as follows: 
(1) Take two copies of a B[25, 5, 1] in decreasing order. 
(2) Take a (29,5,2) covering design with a hole of size 7 in increasing order on the 
set X = {1 . . . . .  29} where the hole is {23 . . . . .  29} [17]. Place the points 28 and 29 
at the beginning of each block then change 28 to 26 and 29 to 27. 
(3) Adjoin the following blocks {23 24 25 26 27) twice, (27 26 25 24 23) and 
{27 26 23 24 25). 
For v=47 let X=Z38 U H9 and take the following blocks (mod38) 
(04  1 14 20) (2 0 7 19 27} (9 0 hi 15 24} (1 12 h2 4 0) 
(17 7 h3 5 0) {10 0ha 13 2) (7 17h5 1 0) {140h6 18 23) 
(27 5 h7 0 1) (15 0 h8 22 2} (9 3 h9 0 17). 
For v=67,87, 127,147 apply Theorem 2.2 with (m,u ,h)=(12,5 ,2) ,  (16,7,0), 
(24,6, 1) and (26, 17,0), respectively, and see [9] for a DC(14,5,2) with a hole 
of size 2. 
For all other values simple calculations show that v can be written in the form v = 20m+ 
4u + h + s where m, u, h and s are chosen so that 
(1) There exists a RMGD[5, 1,5,5m]. 
(2) There exists a (5,2)-DGDD of type 4ms j. 
(3) 4u+h+s=7,27 ,47 ,67 ,87 .  
(4) O<~u<~m- 1, s-=0(mod4) and h=3.  
Now apply Theorem 2.4 to get the result. [] 
Lemma 3.7. Let v=8(mod 10) be a positive integer. Then DE(v, 5,2)=DL(v, 5,2). 
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Proof. For v = 8 see Lemma 3.1. 
For v= 18; let X = {1,2 ..... 18}, Then, the blocks are: 
(15 1 8 2 17) (14 1 17 5 2) (2 1 6 10 13) (16 4 12 2 1) 
(1 16 3 11 13) (6 3 1 15 5) (10 1 3 11 14) (18 12 1 16 4) 
(5 7 13 4 1) (9 13 1 15 4) (15 11 8 5 1) (1 6 7 8 10) 
(17 7 16 6 1) (1 14 7 9 8) (8 18 14 1 9) (17 11 1 12 18) 
(10 4 13 3 2) (2 3 12 8 9) (18 6 11 2 3) (2 4 6 15 9) 
(3 8 7 5 2) (2 5 8 7 4) (2 16 18 5 14) (6 17 14 12 2) 
(9 2 7 18 12) (15 10 18 2 7) (7 13 8 2 14) (16 11 7 2 17) 
(2 8 11 15 13) (9 2 11 10 16) (3 15 4 14 16) (17 14 8 4 3) 
(3 18 4 7 17) (18 5 9 11 3) (5 14 3 10 17) (15 9 7 3 6) 
(3 13 16 6 18) (12 17 7 15 3) (8 12 13 16 3) (9 14 6 4 5) 
(4 16 5 7 10) (17 11 10 6 4) (4 8 6 11 18) (11 4 9 17 8) 
(4 12 10 18 15) (12 4 14 13 11) (5 18 6 16 8) (12 10 8 5 6) 
(10 5 7 11 12) (13 11 7 9 5) (5 8 16 15 12) (13 12 17 5 9) 
(5 13 15 17 18) (13 6 12 14 7) (6 17 16 9 13) (15 14 12 11 6) 
(7 11 16 14 15) (16 9 8 10 17) (14 18 13 10 8) (10 9 14 15 16) 
(18 17 15 13 10) (3 10 9 1 12). 
For v = 28 the construction is as follows: 
(1) Take a (27,5,2) minimal covering design in increasing order [15] on X= 
{1 .... .  27}. Assume in this design we have the block (23 24 25 26 27) which 
we delete. 
(2) On X U {28,29} construct a (29,5,2) covering design in decreasing order with 
a hole of size 7, say, {23,24 .... .  29} [15]. Put the point 29 at the end of each 
block and then replace it by 28. Furthermore, adjoin the following blocks: 
(26 27 25 24 28) (27 25 26 23 28) (28 27 24 23 26) 
(24 23 28 25 27) (28 26 25 23 24). 
For v = 38 let X = Z30 U/-/8 then take the following blocks mod 30: 
(0 1 7 16 24) (0 2 hi 13 20) (0 1 h2 3 6) (0 4 h3 8 13) 
(0 lOh4 21 20) (0 12 h5 28 24) (0 22 h6 19 14) (026 h7 21 19) 
(0 29 h8 17 14). 
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For v = 48 let X = Z40 tJ//8 then take the following blocks (mod 40): 
(0 1 3 8 14) (0 9 19 35 31) (0 33 30 18 17) (0 32 h, 21 15) 
(0 1 h2 3 7) (04 h3 9 17) (0 10 h4 21 33) (0 14 hs 30 29) 
(0 25 h6 22 20) (0 31 h7 27 19) (0 38 h8 24 18). 
For v = 58 take a (5, 1)-GDD of type 5s41 and inflate the design by a factor of 2, 
that is, replace its blocks of size 5 and 6 by the blocks of a (5,2)-DGDD of type 25 
and 26, respectively [23]. On the first five groups construct a DB[10,5,2] [23] and on 
the last group construct a minimal DC(8, 5,2). 
For v = 78 take a RMGD[5, 1,5, 35] and inflate this design by a factor of 2. On the 
groups construct a DB[10, 5, 2]. To each of two parallel classes of RMGD[5, 1,5,35] 
add two new points, total of 4 points {ool . . . . .  oc4}, and replace their blocks by the 
blocks of a (5, 2)-DGDD of type 26 [23]. On the remaining parallel classes we construct 
a (5,2)-DGDD of type 25. Finally, to the parallel class of block size 7 we adjoin 4 
new points {ocs, oo6, ocv, oo8} and replace each block by the blocks of (5, 2)-DGDD of 
type 2741 . Such design can be constructed by taking four copies of a (14, 4, 1 ) optimal 
packing design [12]: two copies in an increasing order and the other two in decreasing 
order. Close observation of this design shows that the complement graph is a 1-factor. 
So we may consider the 1-factor to be the groups of order 2. Finally, to each copy 
of the (14,5, 1) packing design we adjoin a new point ocj, j=  5,6,7,8, and place the 
point e~j in the middle of each block and take the points {(305,006,007,0(38} as the 
group of size 4. 
For v--68,88,98,128,138,178 apply Theorem 2.2 with (m,u ,h)=(12,6 ,2) ,  
(15, 13,0), (17, 11,2), (24,7, 1), (25, 13,0) and (35,13,0), respectively. For all other 
values write v = 20m + 4u + h + s where m, u, h and s are chosen as in Lemma 3.6 
with the difference that 4u + h + s --- 8, 18 . . . . .  98 and h = 0 if v _-- 0 (mod 4) and h -- 2 
if v -  18(mod20). Now apply Theorem 2.4 to get the result. [] 
Lemma 3.8. Let v = _ 12(rood20) be a positive inteyer. Then DE(v, 5,2)=DL(v, 5,2) 
and the excess 9raph is symmetric. 
Proof. For v= 12 see Lemma 3.1. 
For v=32 let X =Z25 tAH7 then take the following blocks (mod25): 
(0 5 10 1520)+i ,  iEZ5 twice, (20 15 105 0)+i ,  iEZ5 (0 1 hj 24)  
(0 3 h2 7 14) (0 6 h3 12 20) (0 8 ha 21 19) (0 9 h5 24 22) 
(0 17 h6 16 9) (0 19 h7 16 12). 
For v = 52 take a DT[5, 2, 10]. Such design can be constructed by taking two copies 
of T[5,2, 10] [15] in opposite directions. Add two points to the groups and on the 
first four groups construct a DC(12,5,2) with a hole of size two and on the last 
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group construct a minimal DC(12,5,2). For v=72,92,132,192 apply Theorem 2.2 
with (m,u,h)=(12, 10,2), (17,5,2) and (24, 11, 1) (36, 12,0), respectively. 
For all other values write v = 20m + 4u + h + s where m, u,h and s are chosen as 
in the previous lemma with the difference that 4u + h ÷ s = 12,32, 52,72, 92 and h = 0. 
Now apply Theorem 2.4 to get the result. [] 
Lemma 3.9. Let v~ 14(mod20) be a positive integer. Then DE(v,5,2)=DL(v,5,2) 
and the excess 9raph is symmetric. 
Proof. For v = 14 let X = { 1 . . . . .  14}. Then take the following blocks. 
(2 10 11 1 12) (13 7 4 1 2) (9 10 2 8 1) (1 14 3 5 2) 
(3 1 11 13 9) (7 14 3 1 10) (1 9 8 4 12) (5 1 6 4 3) 
(4 14 13 11 1) (1 5 7 11 8) (6 5 12 9 1) (6 1 10 13 14) 
(12 8 1 6 7) (2 9 3 12 14) (10 6 8 3 2) (2 3 7 14 9) 
(2 4 6 11 7) (13 12 11 2 4) (4 14 8 5 2) (7 6 2 13 18) 
(12 2 13 5 10) (11 9 2 6 5) (5 14 3 6 4) (3 5 8 13 14) 
(7 13 12 3 5) (9 11 13 3 6) (11 3 8 10 4) (10 4 5 12 3) 
(8 3 7 11 12) (4 7 10 6 9) (14 12 9 7 4) (8 9 5 11 14) 
(14 11 10 7 5) (4 8 9 10 13) (5 13 10 9 7) (6 12 10 11 14) 
(14 12 13 8 6). 
For v = 34 let X--Z27 U H 7 then take the following blocks (mod27): 
(0 1 4 11 20) (0 1 hi 3 5) (0 5 h2 11 17) 
(0 7 h3 15 23) (0 9 h4 21 19) (0 15 h5 14 13) 
(0 20h6 17 14) (0 22 h7 18 13). 
For v=54,74,94,134,174 apply Theorem 2.2 with (m,u,h)=(9,8,1) ,  (12,12,2), 
(16, 14,0), (24, 13, 1) and (30,24,0). 
For all other values of v write v=2Om+4u+h+s where m,u,h and s are chosen as 
in the previous lemma with the difference that 4u + h + s = 14, 34, 54, 74, 94 and h = 2. 
Now apply Theorem 2.4 to get the result. [] 
Lemma 3.10. Let v =_ 19 (mod 20) be a positive integer. Then DE(v, 5, 2) = DL(v, 5, 2), 
and the excess graph is symmetric. 
Proof. For v= 19 let X=ZlsU{x ,y ,z ,w} and let c~ be the permutation c~=(0 1 2) 
(3 4 5) (6 7 8) (9 10 11) (12 13 14). Then take the following blocks under powers 
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of ~: 
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(13 w 12 6 9) (3 6 0 10 w) (7 x 3 8 14) (9 0 13 11 x) 
(11 y 3 9 7) (14 12 0 3 y) (z 10 3 4 13) (11 0 13 8 z) 
(0 1 7 12 5) (8 5 1 10 0) (w 0 6 3 12) (3 7 9 0 w) 
(4 z 12 0 11) (y 13 10 6 0) (x 10 3 8 13) (0 7 10 14 5) 
(11 13 5 8 0) (14 0 8 4 9). 
Further take the following blocks: 
(w 9 10 11 z) (y 12 13 14 w) 
(x 2 0 1 z) (z 6 8 7 x) (14 13 12 z x) 
(y 5 4 3 x) (x l l 10 9 y) (w z y x 0) 
(xz  w y 2 ) (w4 3 5 x ) (z  8 7 6 y). 
(3 5 4 y z) (7 6 8 y z) 
(10Zxy)  
(yxzw 1) 
For v = 39 let X = Z32 U H 7 and take the following blocks (mod32) 
(0 2 7 17 23) (0 8 1 27 12) (0 1 hi 3 6) (0 4 h2 11 19) 
(0 9 h3 18 30) (0 13 h4 31 27) (0 20 h5 13 10) (0 24 h6 23 20) 
(0 30 h7 24 14). 
For v=59 proceed as in DC(58,5,2) but toward the end add a new point to the 
groups and on the first five groups construct a DB[ll,5,2] and on the last group 
construct a DC(9, 5, 2). 
For v = 79 take a RMGD[5, 1, 5, 35] and inflate it by a factor of 2. To each of 4 
parallel classes add two new points and replace their blocks by the blocks of (5,2)- 
DGDD of type 26 and on the remaining blocks of size 5 construct a (5,2)-DGDD 
of type 25. To the parallel class of size 7 we adjoin a new point and replace each 
block by the blocks of a DB[15,5,2]. Finally, replace the groups by the blocks of a 
(5,2)-DGDD of type 25. 
For v=99,139,179 apply Theorem 2.2 with (m,u,h)=(17,12,2),  (25,14,0), 
(31,24, 0), respectively. 
For all other values of v write v = 20m + 4u + h + s where m, u, h and s are chosen 
as in Lemma 3.6 with the difference that h = 3 and 4u + h +s  = 19, 39, 59, 79,99. Now 
apply Theorem 2.4 to get the result. 
To summarize this section, we have shown the following: 
Theorem 3.1. Let v~-2,3 or 4(mod5) be a positive integer. Then DE(v, 5,2)= 
DL(v,5,2) and the excess 9raph in the case v=2 or 4(mod5) is symmetric. 
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4. Directed covering with index 4 
Theorem 4.1. Let v=2,3  or 4(mod5) be an integer. The DE(v, 5,4)=DL(v,  5 ,4 )+e 
where e = 1 i f  v - 2 or 4 (mod 5) and e = 0 otherwise. 
Proof. For v _= 2 or 4 (mod 5) notice that DE(v, 5, 4) >~ DL(v, 5, 4) + 1 and hence a min- 
imal DC(v, 5,4) can be constructed by taking two copies of a minimal DC(v,5,2). 
For v -  3 (mod 5) the construction is as follows: 
(1) Take a minimal DC(v -  1,5,2). 
(2) Take an optimal DP(v+ 1,5,2) with a hole of size 2 say {v,v+ 1} [9] then change 
the point v + 1 to v. 
5. Directed covering with index 6 
Theorem 5.1. Let v>~5 be an integer. Then DE(v, 5,6)=DL(v,  5,6). 
Proof. For v = 2 or 4(mod 5) v¢  7 the construction is as follows: 
(1) Take a DC(v,5,2) with a hole of size 2 say {a,b}, [9]. 
(2) Take two copies of a minimal DC(v, 5,2). This design has a triple the ordered 
pairs of which appear in three blocks. Assume that in both copies the triple is 
{a,b,c}. 
For v = 7 take two copies of a minimal (7, 5, 6) covering design: one in an increasing 
order and the other in a decreasing order [5]. 
For v ------ 3 (mod 5) proceed as follows: 
( 1 ) Take a DB[v - 2, 5, 2]. 
(2) Take an optimal DP(v + 1,5,2) [9]. This design has a pair {v,v + 1} that appears 
in zero blocks while each other ordered pair appears in two blocks. In this design 
change v + 1 to v. 
(3) Again take an optimal DP(v + 1,5,2) and in this design assume {v-  l,v + l} 
appears in zero blocks. In this design replace v + 1 by v -  1. 
6. Directed covering with index 8 
Theorem 6.1. Let v_=2,3 or 4(mod5) be a positive &teyer. Then DE(v,5,8)= 
DL(v, 5,8) + e where e= 1 /f v -3 (mod5)  and e=0 otherwise. 
Proof. If v---3 (mod 5) then a DC(v, 5, 8) with DL(v,5, 8)+1 blocks can be constructed 
by taking two copies of a minimal DC(v,5,4). 
For v -  2 or 4 (mod 5) the construction is as follows; 
(1) Take an optimal DP(v, 5,2) and assume that the pair {v -  1,v} appears in zero 
blocks. 
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(2) Take a minimal DC(v,5,6). This design has an ordered pair say (v -  1,v) that 
appears in 8 blocks. 
7. Conclusion 
We have shown that if v ___ 2, 3 or 4 (mod 5) and 0 < 2 ~< 8 is an even integer then 
DE(v, 5, 2 )= DL(v, 5 ,2 )+ e where e is as described in Theorem 1.3. It is also known 
that DE(v ,5 ,2)=DL(v ,  5,2) for v=0 or l (modS)  and even 2 [23]. Since for 2= 10 
and v~>5 there exists a DB[v,5, 10] and since DE(v, 5,21)=DE(v,5,  10) + DE(v, 5,2) 
where 2 / = )~ + l 0, it follows that DE(v, 5, 2) = DL(v, 5, 2) + e for all v ~> 5 and even )~ 
where e is as in Theorem 1.3. 
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